ITEP-TH-36/04 



AdS3/CFT2 on torus in the sum over geometries 



L. Chekhov 



> 



Steklov Mathematical Institute 
Gubkin st. 8, 117966, GSP-1, Moscow, Russia 
and 



o 

' Institute for Theoretical and Experimental Physics 

■ B.Cheremushkinskaya 25, 117259, Moscow, Russia 

D 

Abstract 



We investigate the AdS3/CFT2 correspondence for the Euclidean AdSa space compactified on a solid 
torus with the CFT field on the regularizing boundary surface in the bulk. Correlation functions cor- 
^y-j I responding to the bulk theory at finite temperature tend to the standard CFT correlation functions in 

the limit of removed regularization. In both regular and Zjv orbifold cases, in the sum over geometries, 
the two-point correlation function for massless modes factors, up to divergent terms proportional to 
the volume of the S'L(2,Z)/Z group, into the finite sum of products of the conformal-anticonformal 
^ '. CFT Green's functions. 

o 



1 Introduction 



Oh. The AdS/CFT correspondence El El has been verified for interacting field cases ^ HI (three- 



and four-graviton scattering, etc.), and it is interesting to check it also in cases where the space-time 
geometry is more involved than the sphere. Various approaches to this problem were proposed IHIEIIHI. 
_ ^ In [TljSl, we considered the massless scalar field theory on AdSa space compactified on a solid torus 

^ , (toroidal handlebody) . We considered both the case of a homogeneously compactified AdSa manifold 

^ ' without (topological) singularity in the interior and the ZTv-orbifold case. The classical scalar field 

5^ , theory on the AdSa manifold in the bulk then provided the appropriate quantum correlation functions 

on the boundary. 

Recall that the compactification in the Euclidean case corresponds to considering the finite temper- 
ature theory in the case of 2-1- 1 dimensions, so we actually calculate correlation functions of boundary 
fields for the AdSa space at finite temperature ^ . Following j^l , one must take into account all possible 
solutions of the Einstein gravity that have the fixed anti-de Sitter metric at infinity. In the AdSa case, 
the black-hole solutions of Hawking and Page ^1 ^ turn out m ^1 |S1 to be T-dual to the case of a 
pure AdSs space without internal singularities; this holds for the corresponding correlation functions 
as well IHl. Developing these ideas, authors of |S1 proposed that the total CFT free energy must be 
developed into the sum over all possible AdSs geometries having the same two-dimensional boundary 
surface. This necessarily incorporates the summation over the modular group SL{2,Z) factored over 
the parabolic subgroup Z; we must therefore includes the AdS geometry, the BTZ black-hole geom- 
etry, etc., but each such geometry is equivalent to a unique AdSs geometry without a singularity in 
the bulk, and we can as well take the sum only over such smooth geometries. 

The thermal correlation functions for 1 -I- 1-dimensional boundary theory in the presence of the 
Lorentzian BTZ black hole were obtained using the image technique in |14| : however, our approach 
diff'ers from the one used there because we do not imply that the boundary theory is conformally 
invariant ad hoc. Instead, as in [71|H|, we introduce the regularizing surface inside the AdSs space; 
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this surface must be invariant under the action of the discrete symmetry group. This approach goes in 
parallel with the approach of Krasnov jJS] to the 3D gravity. (In the latter, for arbitrary genus han- 
dlebody, one must take a bounding e-surface invariant w.r.t. the action of the corresponding Fuchsian 
subgroup and having the induced constant two-dimensional curvature. This surface is determined by 
the height function ee"*'-^'^^ with the field 4>{£,,^) satisfying the Liouville equation.) 

In Sec. 2, we recall the general structure of AdSs manifolds and introduce the e-cone regulariza- 
tion in order to make the volume and the boundary area finite in the solid torus case. In Sec. 3, 
we derive the Green's function for the points located at the torus boundary in the bulk in the limit 
e 0. In Sec. 4, we take the sum over geometries for the smooth AdSa space case with the necessary 
cancellations performed and demonstrate that, in the massless mode case, we attain the holomorphic- 
antiholomorphic factorization of the corresponding two-point correlation function. In Sec. 5, we in- 
vestigate the corresponding sum over geometries for the massless scalar field correlation function in 
the case of Z^r-orbifold geometry and demonstrate its splitting into a finite sum of conformal blocks. 
A brief discussion on massive case and perspectives is in Sec. 6. 

2 Geometry of AdSs manifolds 

The group SL{2, C) of conformal transformations of the complex plane admits the continuation to the 
upper half-space endowed with the constant negative curvature (AdSa space). In the Schottky 
uniformization picture, Riemann surfaces of higher genera can be obtained from C by factoring it over 
a finitely generated free-acting discrete (Fuchsian) subgroup F C SL{2, C). Therefore, we can continue 
the action of this subgroup to the whole AdSa and, after factorization, obtain a three-dimensional 
manifold of constant negative curvature (an AdSs manifold) whose boundary is (topologically) a 
two-dimensional Riemann surface I17| . 

The simplest, genus one, AdSs manifold (a handlebody with the torus boundary) can be obtained 
upon the identification 

itlt) ^ iq^M,\q\t), (2.1) 

where q = e^""^ is the modular parameter, Imr > 0, x + iy, x — iy are the coordinates on C, 

and i > is the third coordinate in IHIg". 

Adopting the AdS/CFT correspondence principle, we should first regularize expressions in order 
to make them finite (see |H1E1)- For this, we set the boundary data on a two-dimensional submanifold 
of the AdSa that is invariant under the Fuchsian group action in the bulk. Such a submanifold in the 
torus case is the e-cone — the set of points (^, t) such that 

t = e\^\. 

This cone is obviously invariant w.r.t. the action of the Fuchsian element (|2.1|) and becomes torus 
upon the identification. The part of the bounded from below by this cone becomes the interior 
of the toroidal handlebody upon factorization. Given the boundary data on this cone, we fix the 
problem setting — the Laplace equation then has a unique solution (the Dirichlet problem on a compact 
manifold) . 

Geometrically, performing the e-cone regularization and factoring over the group F of transforma- 
tions (|2.1|) . we obtain the solid torus on whose boundary (the two-dimensional torus) the CFT fields 
dwell. The "center" of the torus is a unique closed geodesic, which has the length log \q\ (the image 
of the vertical half- line ^ = £, = 0), while the AdS-invariant (proper) distance r from this geodesic to 
the image of the e-cone is constant, coshr = 1/e. 

Following the summation over geometries standpoint '13', we must fix the two-dimensional sub- 
manifold and consider all possible AdSa metrics with this submanifold being the boundary. We restrict 
the possible class of metrics to be handlebody metrics characterized by a unique geodesic line on the 
boundary homeomorphic to a unique contractible circle (a-cycle) in the handlebody. The choice of 
the complementary 6-cycle homeomorphic to the closed geodesic inside the solid torus is not unique, 
and the freedom is exactly the Abelian (parabolic) subgroup Z allowing adding a-cycle windings to 
a given 6-cycle. We therefore first re-derive the Green's function for the solid torus in a way simpler 
than in l8| and, then, perform the summation over the geometries. We are especially interested in 



2 



the case of massless scalar field on the AdSs space. Insertions of this field must correspond in the 
AdS/CFT dictionary to insertions of the c = 1 CFT energy-momentum tensor dXdX for the free 
scalar field z) of the boundary theory. For this field, as the result, we do reconstruct (up to some 
divergences) the conformal block structure of the CFT correlation function on the torus. 



3 Green's function in AdS^ 



As is well known, AdS spaces are uniform, that is, we can introduce the interval in terms of the proper 
distance to the reference point. 



ds^ = dr^ + sinh^ r[rf6|2 + sin^ ed^\ 



(3.1) 



For the integrity reasons, we present the action of the scalar field $ of mass m on AdSa in coordinates 
(El), 



drdOdifi sinh^ r sin 61 <^ (9^$ 



sinh^ r 



sinh r sin 6 



(3.2) 



which, upon segregating angular degrees of freedom, results in the equation of motion for the radial 
part <i>(r) (if the total angular momentum is /): 



a^(sinh^ rdr<i>{r)) ~ l{l + l)$(r) - -n? sm\\ r$(r) = 0. 



(3.3) 



The Green's function for the field of mass m in the bulk of the AdSd space must therefore satisfy the 
equation 

sinh-(''-i) r(9^(sinh''"^ rdrG{r\m)) - m^G{r\m) = 6^'^'^(r) (3.4) 

with obvious conditions of decreasing at infinity. We are interested in G(r\rn) at the regime of large 
r only. Then 



G{r\m)\r^ao oc e ' 



(d — 1)k — m 



0. 



(3.5) 



Recall that the mass spectrum in the AdSd is governed by the eigenvalues of the total angular 
momentum operator in the complementary sphere 5d, which produces the discrete mass spectrum 
rr? = l{l + d — 1), whereas the corresponding values of k are integers, 



K = d + I - 1. 

From now on, we restrict the consideration only to the AdSa case. Then, 

1 e-(i+i)r 



Gir\m) 



1 e 



47r sinh i 



47r sinh j 



(3.6) 



(3.7) 



Choosing two points, ^ and on the complex plane and considering their images on the e-cone, i.e., 
the points with the IHIg -coordinates (Cj£|CI) and (Xj^IxDj let us find the distance between these two 
points in the bulk. For two points in the upper half space with heights Ri and R2 and the distance d 
in the plane coordinates, the exact proper distance is 



r = log 



R2 Ri 1 
2i?i 2i?2 2 ^ 



i?2 ^ ^1 ^ 

Rl i?2 R1R2 



-4 



(3.8) 



with Rl = s\z\, i?2 — £\w\, and d — \z — w\ in our case. We can however take into account that 
d 3> |i?i — i?2 1 for any two points on the e-cone and then 



log 



d 

2R1R2 



(3.9) 
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and, at large distances, we merely have 

Passing from the Schottky uniformization to the standard complex structure on two-dimensional 
torus using the exponential mapping 

C=e*2^^ x=e'2™, (3.11) 

and using (|3.5|l . we obtain the formula for the Green's function for two points on the e-cone at large 
proper distances: 

G(z, w\m) — — I — ^- — r- — -- — - — - I = -— |sin(7r(z — . (3.12) 



We keep here the scaling factor e^'^, which will be removed only at the very end of calculations, after 
the summation over geometries. The reason for it will be clarified in the succeeding section. The 
function in H3.12|l is periodic under shifts z — > z + m and w — > ui + fc for fc, m S Z. In order to obtain 
the Green's function for the solid torus boundary, we must now take the sum over all images z„ of 
the point z, Zn = z -\- nr. Thus, the final answer for the Green's function on the toroidal handlebody 
boundary is 

g2K 

Gtorns{z,w\m) = — | sin(7r(z - w + nr)) | "^"^ . (3.13) 

67r ^ — ' 

n— — oo 

This formula (up to scaling factors) exactly reproduces the answer obtained in IH' in the massless 
case (k = 2) and the answer in (I^ for the general massive field. 



4 Summing over geometries 

The most difficult problem when evaluating the sum over geometries is the choice of the proper 
summation measure. For this, different proposals had been made Using ideas of we 

assume that one must consider the same two-dimensional boundary surface, the proper continuation 
to the AdSa being then completely determined by the choice of (contractible) a-cycles; in the torus 
case, we have just one a-cycle determined by two relatively prime integers (c, d) with the identification 
(c, d) oc (— c, — rf). The proper modular transformation from the SL{2, Z)/Z is then 



CT + d CT + d CT 



a b 
c d 



= 1, (4.1) 



where the pair (a, b) must be taken modulo the parabolic group transformation (a, b) — > {a + c,b + d). 
This is because the choice of the contractible cycle is completely determined by the pair (c, d) as the 
image of the straight line along the vector ct + d upon the identification z~z-|-1~z + t. But the 
choice of the complementary &-cycle (the image of the straight line along the vector ar + b) is fixed 
only up to the freedom of adding the a-cycle vector. The condition of the unit determinant in l|4.1|l 
then just expresses that these two cycles have exactly one intersection point at the torus. 

We take the summation measure to be just the hyperbolic volume of the toroidal handlebody 
bounded by the torus in the AdS space with the a-cycle selected. A Graham and Lee theorem [T^ 
claims that choosing a conformal metric on the boundary of a ball, the smooth AdS continuation 
of the metric inside the ball is unique. The AdS metric inside a handlebody is then completely 
determined by the conformal metric on the boundary Riemann surface together with the choice of a 
set of contractible a-cycles. In order to calculate both the corresponding metric and the volume, we 
use the scheme depicted in Fig. 1. 

In the geometry of Fig. 1, we consider the action of the Schottky group on the complex plane C 
with the modular parameter T(^c,d) — t' = It acts by identifying the circle |z| = 1 and the circle 
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\z\ = ImT(c,d). Note that for the matrix d j ^^^h the unit determinant, 

= (4-2) 

Next, we continue this identification using the formula 12.111 into the whole AdSa. The natural 
coordinates in Fig. 1 are the spherical coordinates (p, e, where p — ^ log(CC + i^) is the logarithm 
of the Euclidean distance to the origin and e and Lp are the corresponding angles; the interval (|3.1() in 
this coordinates is 

sin'^ £ 

We take such the bounding surface for which the proper AdSs circumference I'f''^^ of the a-circle is 
exactly proportional to the length of the corresponding geodesic in the plane metric on C, i.e., we set 

^ = \cr + = \cr + d\2.'£^, (4.4) 

that is 

cos etc d) . ,COS£foil 

^=cT + d 4.5 

sm£(c,d) sm£(o,i) 

This choice is justified by that it leads to the proper scaling behavior of Green's functions (see below). 



It then follows from the hyperbolic geometry that 

sin£(c,<i) I CT + dp sin £(c,d) 



= = —^^^ . (4.6) 




Fig. 1. The regularizing surface for the torus. Here la' is the proper (AdS) circumference of the 
regularizing cone (which is actually a cylinder in the proper distance geometry) and l^^'^''^'^ is the proper 
(AdS) distance between identified circles on the cone. 

For the £-cone, the volume of the toroidal handlebody bounded by a torus of the induced area 
S(^c,d) lying at the distance arcsinh£ from a unique closed geodesic is 

V{c,d) = ^'S'(c,d) COS£(c,d) = ^li^'^'^^'li''"'^'' COS£(c,d), (4.7) 
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and using formulas (|4.4|I ~- H4.6|I . we obtain the simple relation: 

= (4.8) 

i.e., under our prescription, the hyperbolic volume of the regularizing manifold becomes exactly mod- 
ular invariant, and we have the same weight factors standing by the Green's functions of the form 
(|XT^ . Then, due to (gSJ, the factor e^^^^ in (|XT^ been mes in the limit e — > just the proper scaling 
factor \cT + dj^^^e^Q -|^^/2 standing by the relevant Green's function: upon the transformation (|4.1f) . 
we have 

oo 

Gtorus{z,w\m)^G['',fi{z-w\m)= ^ | (cr + d) sin(^(z' -«;' + nr'))!"'" , (4.9) 



n— — oo 



where we have eventually omitted the irrelevant overall factor e^p -|^^/(87r), and it only remains to take 
the sum over all (c, c?)-pairs. 

Because the small-z behavior of the function (|4.9|l is obviously 



G'LruU^I'^) 



- (4-10) 



and it is independent on the (c, (i)-pair choice, in order to obtain the finite answer when perform- 
ing the summation over (c, d)-pairs, we must subtract from each (except one) term of this sum the 
corresponding (doubly periodically continued) function 

F{z\k)^ Y ^ ■ (4.11) 

n,fcGZ ' ' 

The thus regularized sum becomes especially instructive in the massless case k = 2. Using the 
representation for the function sin^^(7rz), 

1 oo ^ 

^ ^ k— — oo 

we can present the sum over geometries in the fohowing form (omitting irrelevant 7r-factors): 
Y.'^-'^G[:fi{z\rn)U=,= 

(c.d) 

= F{z\l) + J2 ' {Gttiz\m)U^2 Fiz\l)) 

{c.d) 

= ^(^ll) + 

^ {z + fci(cT + d)+ n[aT + h)Y{z + k2{cT + d) + n{aT + bjf ~ ^^""'^^ T^^^ 

{c,d) \ki.k2.nG^ J 

(the primed sum denotes that we must count pairs (c,(i) and (— c, — c?) just once). In this sum, we 
must take for each pair (c, c?) a single complementary pair (a, 6) such that the determinant of the 

matrix (erf) "^^^ unity. 

Collecting the coefficients standing by r and unit factors in (|4.13|) . we obtain 

^ 1 ^ (z + (fcic + na)T + (fcirf + n6))2(7+ (fc2C + na)T -I- (fc2d-|- n6))2 

S (z + SiT+fi)2(z-FS2T + i2)2 " 5^ |z + Sr + t|4 J ' ^'^'^^^ 
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where si_2 and ti,2 are solutions of the system of equations 

na + fcic = si, 
na + k2C = S2, 
nb + kid — ti, 
nb + — t2- 

Subtracting the second equation from the first and the fourth from the third, we have 

Afc-c = As; Ak-d^At, (4.15) 

where Ak = ki — k2, As = si — S2, and At = ti — t2- Because GCD(c, d) — 1 and we identify 
(c, c?) ~ (— c, — d), equations (|4.15() admit a unique solution 

A/j = ±GCD(As, At), c^±As/Ak, d^±At/Ak 

unless As = At = 0. (Recall that c and d may vanish, but not simultaneously, and if c=0, then 
d = ±1 and vice versa.) Given c and d (and, correspondingly, a and 6), the solution of, say, the matrix 
equation w.r.t. n and fci, 

(n,fci) ■ ("'y] = (si,ti). 



d^ 

exists and is unique in Z because the determinant of the matrix d) unity. The contribution 

at As = At = implies Ak = 0, and this contribution is then exactly cancelled by the contribution 
from the function F{z\l) H4.11I) . 

We therefore obtain that the regularized sum in H4.13|l . 

Y.'^'''^^G[:fiiz\m)U=o= E _ = p(z|r)R7F), (4.16) 

f—", [Z + SlT + tlY{z + S2T + t2Y 

{c,d) ez 
becomes just the squared modulus of the Weierstrass p-function 

^-^ (Z + ST + tV 

We may expect that this term provides the relevant contribution to the CFT correlation function in 
the sum over the AdSa metrics because it exhibits the structure of CFT conformal blocks. Say, the 
function (|4.1t)|) exactly coincides with the correlation function (9X(z,z)9X(z, z)9X(0, 0)9X(0, 0)) 
for the c = 1 free scalar field X(z, z) on torus. 



5 Summing over geometries in Zjv-orbifold case 

Using our technique, we can find a sum over geometries for the correlation functions of the massless field 
also in the case where a conical singularity with solid angle 2tt/N is located at the closed geodesic line 
(the vertical axis in Fig. 1) of the toroidal handlebody. We can resolve this singularity by considering 
the TV-sheet covering of the corresponding space; this covering is just the "old" toroidal handlebody. 
This corresponds to imposing the following double periodic conditions on admitted functions of the 
scaled variable 

i = z/N (5.1) 

in the torus case: 

/(5) = /(l + l), /(i)=/(5 + T). (5.2) 
The corresponding correlation functions in the massless case are |H] 



'-'torus 1 0) 



oo N 



— sin(7r(z + p + nr) /N) 

TT 



(5.3) 
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and in the sum over geometries, we must take (cf. H4.13|l ) 

^ ,(rcg)cM).^(,|0) ^ F(z|l) + J2 ' {GiorTm - ^(^11)) , (5.4) 



(c,d) (c,d) 

where 



oo N 



- {cT + d) sin(7r(z' +p + nT')/N) 

IT 



-Ik. 



(5.5) 



n— — C30 p— 1 

with z', t' from (|4.1|) . The function F{z\k) is given by the same formula (|4.11l) . Using the same trick 
as in the smooth torus case, we represent the expression in l|5.4|l as the series 

(c,rf) yfei,/c2,neZp=l 

X i I = 

(z + (A^fci +p)(cT + d) + n(ar + 6))2(^+ (7Vfc2 +p)(cT + d) + n(ar + 5))2 ') 

= ivV(z|i) + iv4 V' I V -JL — L^|(5.6) 



(c,rf) yfci,fc2,nezp=i ^ ' ^ ' s,te 

where Si.2 and ti 2 are solutions of the system of equations 

na+(iVfci+p)c — si, 
na+(A^fc2+p)c = S2, 
n&+(A^fci+p)d = ti, 
nb+ {Nk2+p)d = t2, 

which again has a unique solution if As = Nx, At — Ny and a;, y S Z do not vanish simultaneously;^ 
the contribution when x = y = is again exactly cancelled by the function F{z\l). 
Eventually, we have 

(c,d) 



E 



where 



N N 4 

y yy - = 

, ^ , , (z+pT + g + A^.siT + A^ti)2(z+pr + (jf + A^s r + Art )2 

si,ti:S2,t2eZp=l g=l 

EEh^][f](^i^)| ' (5.7) 

p=l q=l 



is the Weierstrass p-function with characteristics and the sum in 1)5. 7|) exhibits the properties of the 
sum over conformal blocks of the CFT with the twisted boundary conditions corresponding to the 
Zjv-orbifold case. 



■^We conveniently express this condition as + > 0. 
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6 Discussion. Massive modes 

We have demonstrated that correlation functions in the AdS space in the sum over geometries exhibit 
properties of sums over conformal blocks of the underlying CFT. Although we have considered only 
the massless case in details, it seems plausible that the same procedure (with slight modifications) can 
be applied to the whole spectrum of masses appearing in the AdS/CFT correspondence pattern. The 
generalization seems to be rather straightforward. The factorization property must be nevertheless 
corrected; to see this, let us consider an example of the correlation function for fields at the second 
mass level. Using H4.9II and the formula for 1/ sin'*(az). 



^ oo 

~ E 



sin (a^) ^ \ (az + imY iiaz + Trn)^ 

\ / n— — oo ^ 

and performing the summation over (c, d)-pairs, we obtain 
5]'(-s)G|:;l(z|m)U.4 = 

(c,d) 

= F{z\2) + ^ ' (Gtt{z\m)U^^ ~ F{z\2) 

(c,d) 

= ^(^|2) + 



E' 

(c,d) 



^ , 1 



(z + fci(cT + d) +n(ar + 6))4 'i{cT + dY [z + ki{cT + d) + n{aT + b))' 

-F(z|2) 



fei ,fc2 ,nG 

1 27r2 



(z + A:2 (cr + d) + n{af ^ b)Y 3(ct + + fc2(cr + d) + n{af + h))'^ 



(6.1) 



Besides the "factored" term ^p" {z\t)p" {z\t) appearing when summing over (c, c?)-pairs the products 
of leading (first) terms in parentheses in (|6.1|l with the singularity cancelled by the term F{z\2), we 
have the contributions 

V V — +cc 

^ ^ ^CT + dYlz + kiicT + d)+niaT + b)Y{z + k2{cT + d)+n{aT + b)Y 

{c^d) ki,k2 ^n^I, 

and 

^ ^ 9\cT + d\'^(z + ki{cT + d)+n{aT + b))'^(z + k2(cT + d)+n{aT + bW' 

{c,d) ki ,k2.n(El, 

which converge due to the presence of the (cr + d) factors in denominators. But, again, just because 
of these factors, we cannot perform the resummation procedure as in Sees. 4 and 5, and the possible 
modular behavior of these sums becomes more involved. For instance, we can perform the resummation 
in the first contribution passing to the summation variables si.2, ii,2, which yields 

^ 27r^(GCD(A.s,At))2 

3(AST + Ai)2(z + SiT + hf{z + S2T + i2)'* 

tl .t2 
(As)2 + (At)2>0 

y- , 1 \ Stt^ 

^ (cT + dp I ^ 3(z + ST + t)^(z + ST + t)^ 



c.c. 



where the coefficient by the second term is 



E ' f ],,2 - 7^^2(r) - -^E^ir), 
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and E2{t) = E™,„gz,,„2+„2>o is the Eisenstein series. 

Even more difficult (in the ideological sense) problem is the problem of determining the proper 
summation measure. Under our bulk rcgularization for the Green's function, it seems plausible that 
in order to reproduce the proper scaling behavior of the Green's functions for different geometries, 
this measure (or, the corresponding hyperbolic volume) must be constant for all solid torus geometries 
with the given boundary surface metric; this results however in the necessity to introduce regularizing 
factors; nevertheless, it turns out that these regularizing factors are independent on the additional 
structure (on the choice of the a-cycles) and can be therefore determined unambiguously as soon as 
we fix the two-dimensional metric. Still, it is an important question whether it is possible to obtain 
the relevant regularizing factors from the field-theory considerations related to D1-D5 brane systems 
(see 1201 and references therein) . It would be interesting to check whether the Hamiltonian prescription 
of |21| concerning local contributions may help in constructing such a rcgularization. We however 
hope that the very appearance of the conformal block structure in the sum over geometries in our 
approach justifies further studies of these, relatively simple, systems. Another rather straightforward 
generalization can be considering the supersymmetrization of the whole pattern. 

Another, really challenging, problem is to consider generalizations of this technique to handlebodies 
of higher genus. There, we must use the Schottky uniformization picture on the complex ^-plane while 
the regularizing surface must be determined by the equation 



t = ee 



with ^) satisfying the Liouville equation. That is, we must be able to work with expressions of 
the form (cf. ^J^) 

Ghigher ge„us(^, Xl^) ~ ^ ( 2^2 | e ^ e '^(x-X. ) | ) ' 

where the sum ranges all images of the point x under the Schottky group action. And it then 
still remains the problem of performing the summation over all AdSa geometries determined by all 
possible choices of the a-cycle structures on the relevant Riemann surface. This may lead to a progress 
in studying Liouville systems as well. 
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